Abstract. In this paper, we present a further generalization of the results obtained in our previous research work, which was an improvement on the Pascal's identity associated with the binomial coefficient using the falling factorial quotients as multiplying factors. Hence for general form, we now use the concept of generalized falling factorial quotients with k-inclusion condition.
Introduction and Preliminaries
In 2009, C Moore and et,al. studied an aspect of restricted permutation and combination problems which have been in existence without well-known mathematical techniques for tackling such problems. They introduced what is known as k-inclusion and k-non-inclusion condition, as newly introduced concept and based on its important to this research work, it shall also form part of the introduction to this paper. Let X = ∅; n(X) = N i.e X = {x 1 , x 2 , ..., x N } and let S N,r and S In 2008, P.T. Young [12, 13] proved a pair of identities expressing Bernoulli numbers and Bernoulli numbers of the second kind as sums of the generalized falling factorials. However, in this paper we shall give its equivalent expressions in terms of binomial coefficients and then further generalized the results we obtain in the previous work.
Definition 1.0
Let x be a real number, then the r falling factorial power of x is given by
with the convention x 0 = 1 in particular 0 0 = and it is often read "x to the r falling." Note that when x = N, a non-negative integer, and N < r, then N r = 0. Also for all N ∈ N, N N = N!.
Definition 1.1
The generalized falling factorial (x|λ) r (or (x|λ) r ) with increment λ is defined for positive integer r by
with the convention (x|λ) 0 = 1; it is easy to see that (N|1) r = N r and (N|1) N = (1| − 1) N = N! which is the usual r falling factorial and factorial as in the previous section.
In [12] , the following interpretation was given; for any N, r ≥ 0 one may consider the generalized falling factorial (N|a) r is the product of all elements in the coset N + (a) of the ideal (a) in the factor ring Z/arZ, a product which is well defined modulo arZ. Now we define the generalized k-inclusion binomial coefficient associated with (1) as follows;
If k = 0, we have the generalized binomial coefficient associated with (1). Furthermore we have that (N, 0, 0|λ) 0 = 1 and (N, 0, 0|1) N = 1 = (1, 0, 0| − 1) N which agree with (1) for the case of combination. For the purpose of simplicity and consistency we shall state result for the case where λ > 0, since for the case λ < 0 will be a mere repetition of procedure.
Then the number of r-permutations and r-combinations of N distinct elements of X with the inclusion of a fixed k−number of elements of Y ⊂ Xare
Then the number of r-permutations and r-combinations of N distinct elements of X with the noninclusion of a fixed k − number of elements of Y ⊂ X are
Lemma 1.4
Let N and r be nonnegative integers, given any positive integer k such that k ≤ r,then there exists unique numbers α N,r,k , β N,r,k ∈ R + such that
Proof. Let k be any given positive integer, by definition we have that
Hence, it suffices to put
The proof of (ii) follows from the proof of (i) and by the consequence of Pascal's identity. to see this, we observe by Pascal's theory from (i) we have
where α N,r,k is as defined above in (i). combining (1) and (2), observe that by putting
The result follows immediately and this complete the proof.
Lemma 1.5
Let N and r be positive integers, given any positive integer k such that k ≤ r, then there exist unique numbers α N,r,k , β N,r,k ∈ R + such that
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Theorem 2.1
Let N and r be nonnegative integers, given any positive integer r 0 such that r 0 ≤ m, then there exists unique number β(λ + ) N,r,r 0 ∈ R + such that
for m ∈ N
Proof.
Given any r > 0 there exists m > 0 such that r = λm In particular take m = r, then we must have λ = 1 which is the case of lemma 1.4 and lemma 1.5 result. Now suppose m = r, observe that for any given r > 0, there exist m > 0 such that r = λm for some m ∈ N.
So that by definition we have
Hence by lemma 1.5 we have
Which complete the proof.
Theorem 2.2
Let N and r be positive integers, given any positive integer k , r 0 such that k, r 0 ≤ r, then there exist unique numbers α(λ
Proof.
Similarly
the result follow immediately from theorem 2.1, hence we are done.
Theorem 2.3
Let N and r be positive integers, given any positive integer k, r 0 such that k, r 0 ≤ r, then there exist unique numbers α(λ
The proof of this follows from the proof of theorem 2.1 and theorem 2.2.
Remark 2.4
Clearly it is easy to see that the results we obtained is of more general form for identity representation of binomial coefficient of Pascal's type. to see this, observe that if k = 0, , r 0 = 0 and λ = 1 we obtain the well-known Pascal's identity. Also if k = 0, , r 0 = 0 and λ = 1 we shall obtain the results in lemma 1.4 and lemma 1.5. It is on this note we conclude that the result we obtain is of more general representation of binomial coefficient which is of Pascal's type since the results we obtained is valid for k ≥ 0, , r 0 ≥ 0 and λ ≥ 1.
